Abstract. We examine the main topologies-weak, strong, and inductiveplaced on the dual of a countably-normed space and the σ-fields generated by these topologies. In particular, we prove that for certain countably-Hilbert spaces the strong and inductive topologies coincide and the σ-fields generated by the weak, strong, and inductive topologies are equivalent.
Introduction and objectives
In this paper we study the weak, strong, and inductive topologies on the dual of a countably-normed space. We see that under certain conditions the strong and inductive topologies coincide (and are also equivalent with the Mackey topology, which is introduced later). We also examine and compare the σ-fields generated by these topologies to see that under reasonable conditions all the σ-fields are in fact equivalent.
Although these results have been used implicitly or explicitly (see for instance [5] ) in the literature, there appears to be no efficient or complete proof published or readily accessible without having to work through a vast literature. It is the purpose of this paper to present proofs of these results in a largely self-contained manner. For this reason we have included here proofs of various well-known results; these proofs also serve the function of setting up arguments and notation for our principal objectives.
Topological vector spaces
In this section we review the basic notions of topological vector spaces and provide proofs of a few useful results.
Topological preliminaries.
Let E be a real vector space. A vector topology τ on E is a topology such that addition E × E → E : (x, y) → x + y and scalar multiplication R × E → E : (t, x) → tx are continuous. If E is a complex vector space we require that C × E → E : (α, x) → αx be continuous. A topological vector space is a vector space equipped with a vector topology.
A local base of a vector topology τ is a family of open sets {U α } α∈I containing 0 such that if W is any open set containing 0, then W contains some U α . A set W that contains an open set containing x is called a neighborhood of x. If U is any open set and x any point in U , then U − x is an open neighborhood of 0 and hence contains some U α , and so U itself contains a neighborhood x + U α of x. Doing this for each point x of U , we see that each open set is the union of translates of the local base sets U α .
If U x denotes the set of all neighborhoods of a point x in a topological space X, then U x has the following properties:
1.
, then there is some V ∈ U x with U ∈ U y for all y ∈ V . (Taking V to be the interior of U is sufficient.) Conversely, if X is any set and a non-empty collection of subsets U x is given for each x ∈ X, then when the conditions above are satisfied by the U x , exactly one topology can be defined on X in such a way to make U x the set of neighborhoods of x for each x ∈ X. This topology consists of all V ⊂ X such that for each x ∈ V there is a U ∈ U x with U ⊂ V [6] .
We are primarily concerned with locally convex spaces; a locally convex space is a topological vector space which has a local base consisting of convex sets.
In a topological vector space there is the notion of bounded sets. A set D in a topological vector space is said to be bounded, if for every neighborhood U of 0 there is some λ > 0 such that D ⊂ λU . If {U α } α∈I is a local base, then it is easily seen that D is bounded if and only if to each U α there corresponds λ α > 0 with D ⊂ λ α U α [6] .
A set A in a vector space E is said to be absorbing if given any x ∈ E there is an η such that x ∈ λA for all |λ| ≥ η. The set A is balanced if, for all x ∈ A, λx ∈ A whenever |λ| ≤ 1. Also, a set A in a vector space E is symmetric if −A = A.
Bases in topological vector spaces.
Here we prove some general, but very useful, results about local bases for topological vector spaces [6] .
Lemma 2.1. Every topological vector space E has a base of balanced neighborhoods.
Proof. Let U be a neighborhood of 0 in E. Consider the function h : C × E → E given by h(λ, x) = λx. Since E is a topological vector space, h is continuous at λ = 0, x = 0. So there is a neighborhood V and > 0 with λx ∈ U for |λ| ≤ and x ∈ V . Hence λV ⊂ U for |λ| ≤ . Therefore e α V ⊂ U for all α with |α| ≥ 1. Thus V ⊂ U = |α|≥1 αU ⊂ U . Now since V is a neighborhood of 0, so is V . Hence U is a neighborhood of 0. If x ∈ U and 0 < |λ| ≤ 1, then for |α| ≥ 1, we have x ∈ α λ U . So λx ∈ αU for |λ| ≤ 1. Hence λx ∈ U . Therefore U is balanced. Lemma 2.2. Let E be a vector space. Let B be a collection of subsets of E satisfying: Proof. Let A be the set of all subsets of E that contain a set of B. For each x take x + A to be the set of neighborhoods of x. We need to see that properties 1-4 are satisfied from subsection 2.1. Finally for property 4, we must show that if
To prove continuity of addition, let U ∈ B. Then if x ∈ a + 1 2 U and y ∈ b + 1 2 U , we have x + y ∈ a + b + U . To see that scalar multiplication, λx, is continuous at x = a, λ = α, we should find δ 1 and δ 2 such that λx − αa ∈ U whenever |λ − α| < δ 1 and x ∈ a + δ 2 U . Since U is absorbing, there is a non-zero η with a ∈ ηU . Take δ 1 so that 0 < δ 1 < 1 2η and take δ 2 so that 0 < δ 2 < 1 2(|α|+δ 1 ) . Using the fact that U is balanced
Thus we are done.
2.3.
Topologies generated by families of topologies. Let {τ α } α∈I be a collection of vector topologies on a vector space E. It is natural and useful to consider the least upper bound topology τ , i.e. the coarsest topology containing all sets of α∈I τ α . We present the following useful fact: Fact 2.3. The least upper bound topology τ of a collection {τ α } α∈I of vector topologies is again a vector topology. If {W α,i } i∈I α is a local base for τ α , then a local base for τ is obtained by taking all finite intersections of the form
Countably-normed spaces
We begin with the basic definition of a countably-normed space and a countablyHilbert space. Definition 3.1. Let V be a topological vector space over C with topology given by a family of norms {| · | n ; n = 1, 2, . . .}. Then V is a countably-normed space. The space V is called a countably-Hilbert space if each | · | n is an inner product norm and V is complete with respect to its topology. we may and will assume that the family of norms {| · | n ; n = 1, 2, . . .} is increasing, i.e.
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If V is a countably-normed space, we denote the completion of V in the norm | · | n by V n . Then V n is by definition a Banach space. Also in light of Remark 3.2 we can assume that
Proposition 3.4. Let V be a countably-normed space. Then V is complete if and only if
all the v (n) are the same and belong to each V n . Thus this common limit is in
Conversely, let V be complete and take v ∈
This gives us that {v n } is Cauchy with respect to | · | k for all k, and hence Cauchy in the topology of V .
Let
3.1. Open sets in V . In light of Fact 2.3, we see that a local base for V is given by sets of the form 
be an element of the local base for V . Take n = max 1≤j≤k n j and = min 1≤j≤k j . Observe that B n ( ) ⊂ B since for v ∈ B n ( ) we have |v| n j ≤ |v| n < ≤ j for any j ∈ {1, 2, . . . , k} and so v ∈ B.
3.2. The dual. Let V be a countably-normed space associated with an increasing sequence of norms {| · | n } ∞ n=1 . Let V n be the completion of V with respect to the norm | · | n . We denote the dual space of V by V . Let · , · denote the canonical bilinear pairing of V and V . 
Then v is continuous on V n with topology coming from the norm | · | n . Thus v is continuous on V , since V ⊂ V n and the norm | · | n is one of the norms generating the topology on V .
The fact that V n ⊂ V n+1 follows from V n+1 ⊂ V n and the fact that the inclusion maps i n+1,n : V n+1 → V n are continuous (see Lemma 3.3).
Topologies on the dual space
We now briefly introduce four of the most common topologies placed on the dual of a countably-normed space. We examine the weak, strong, inductive, and Mackey topologies.
Weak topology.
The weak topology is the simplest topology placed on the dual of a countably-normed space. It is defined as follows. 
This topology is referred to as the weak topology on V .
As with any vector topology, we are interested in a useful local base. 
Proof. In order for ·, v to be continuous for all v ∈ V we need ·, v to be continuous at 0. Or equivalently, we require that N(v; ) be open for each > 0. Hence for each v ∈ V we form the topology τ v on V given by the local base {N(v; )} >0 . The weak topology is the least upper bound topology for the family {τ v } v∈V (see subsection 2.3). Thus a local base for the weak topology is given by sets of the form
Now suppose V is a countably-normed space with notation as in Section 3.
Proposition 4.4. The inclusion map i n : V n → V is continuous when V is given the weak topology and V n has the dual-norm topology.
Proof. Consider the weak base neighborhood N(v; ), where v ∈ V . Observe that i
Strong topology.
Using the notion of bounded sets in a countably-normed space V we can define the strong topology on V . Definition 4.5. The strong topology on the dual V of a topological vector space V is defined to be the topology with a local base given by sets of the form
where D is any bounded subset of V and > 0.
Taking D to be a finite set such as {v 1 , v 2 , . . . , v k }, it is clear that the strong topology is finer than the weak topology. 
. This gives us the following:
n (N(D; )). 4.3. Inductive limit topology. Suppose {(W n , | · | n ); n ≥ 1} is a sequence of normed spaces with W n continuously included in W n+1 for all n. Form the space W = ∞ n=1 W n and endow W with the finest locally convex vector topology such that for each n the inclusion map i n : W n → W is continuous. The existence of such a topology is shown in Theorem 4.7. This topology is called the inductive limit topology on W , and W is said to be the inductive limit of the sequence {(W n , | · | n ); n ≥ 1}.
Local base.
It will be useful to work with a local base for the inductive limit topology.
Theorem 4.7. Suppose W is the inductive limit of the sequence of normed spaces
Proof. We first apply Lemma 2.2 to see the set B is in fact a local base for W . Take U, V ∈ B, then clearly U ∩ V ∈ B. Now if U ∈ B, then it is easy to see that αU ∈ B for α = 0. Finally we show U ∈ B is absorbing. Note that i −1 n (U ) is absorbing in W n (since W n is a normed space and i
Thus we see that B is a base of neighborhoods for a locally convex vector topology on W .
It is fairly straightforward to see that B gives us the finest locally convex vector topology making all the i n : W n → W continuous: Let τ be a locally convex vector topology on W making all the i n continuous. Take a convex neighborhood (of 0) U in τ . By Lemma 2.1 we can assume U is balanced. Since each i n is continuous, we have that i
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Proof. Let U be the balanced convex hull of the set
n (U ) is a neighborhood of 0 in W n . By Theorem 4.7 such a U is a neighborhood in W . Now if U is any balanced convex neighborhood of 0 in W , then i
Since U is convex and balanced, the balanced convex hull of ∞ n=1 i n (B n ( n )) is contained in U . Thus the sets described form a local base for W .
Let V be a countably-normed space. Then V , the dual of V , can be regarded as the inductive limit of the sequence of normed spaces From the definition we see that a local base neighborhood for the topology of D-convergence on a vector space E with dual E looks like
where D j ∈ D and j > 0 for all 1 ≤ j ≤ k. We now state the following theorem without proof:
Theorem 4.10 (Mackey-Arens). Suppose that under a locally convex vector topology τ , E is a Hausdorff space. Then E has dual E under τ if and only if τ is a topology of uniform convergence on a set of balanced convex weakly-compact subsets of E .
For a proof of this result see Section 21.4 in [4] . Using this theorem we can define the Mackey topology as follows: Definition 4.11. Let E be a topological vector space with dual E . The Mackey topology on E is the topology of uniform convergence on all balanced convex weaklycompact subsets of E . Notation. Let V be a countably-normed space with dual V . The weak topology, strong topology, inductive limit topology, and Mackey topology on V will be denoted by τ w , τ s , τ i , and τ m , respectively. Proof. Take v ∈ V . We must find a neighborhood of 0 in τ w that does not contain 
Borel field
In this section our aim is to discuss the σ-fields on V generated by the three topologies (strong, weak, and inductive). We will see that under certain conditions all the three σ-fields coincide. The standing assumption throughout this section is that V is a countably-Hilbert space with a countable dense subset Q o . From the definition of the topology on V it follows that Q o is also dense as a subset of V n . On each V n ⊂ V define the sets F n 1 k for all k as
Recall that the local base for the dual-norm topology on V n is given by the sets
forms a local base in V n . Since each V n is a separable Hilbert space, so is its dual V n . Let Q n be a countable dense subset in V n . Theorem 5.3. Let V be the dual of a countably-Hilbert space V which has a countable dense subset. Suppose V be be endowed with a topology τ . If τ is finer than τ w and the inclusion map i n : V n → V is continuous for all n, then the σ-fields generated by τ and τ w are equal (i.e. σ(τ w ) = σ(τ )). In particular, the σ-fields generated by the inductive, strong, and weak topologies on V are equivalent (i.e. σ(τ w ) = σ(τ s ) = σ(τ i )).
Proof. Let U ∈ τ . Then U n = i −1 n (U ) is open in V n . By Proposition 5.1 U n can be expressed as U n = l∈T x n l + F n (
, where x n l ∈ Q n and T is countable. Then
Thus U can be expressed as a countable union of sets in σ(τ w ). Hence U is in σ(τ w ). Therefore σ(τ w ) = σ(τ ). Since i n is continuous with respect to τ i and τ s and also both τ i and τ s are finer than τ w , we see that the σ-fields generated by the inductive, strong, and weak topologies on V are equivalent.
The σ-field on V generated by the weak, strong, or inductive topology may be referred to as the Borel field on V .
